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============
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                \begin{document}$x>0$\end{document}$ is a generalization of the factorial function *n*! and has important applications in various branches of mathematics; see, for example, \[[@CR1]--[@CR6]\] and the references cited therein.

There are many refinements for the Stirling formula; see, for example, Burnside's \[[@CR7]\], Gosper \[[@CR8]\], Batir \[[@CR9]\], Mortici \[[@CR10]\]. Many authors pay attention to find various better approximations for the gamma function, for instance, Ramanujan \[[@CR11], P. 339\], Smith \[[@CR12], Eq. (42)\], \[[@CR13]\], Mortici \[[@CR14]\], Nemes \[[@CR15], Corollary 4.1\], Yang and Chu \[[@CR16], Propositions 4 and 5\], Chen \[[@CR17]\].

More results involving the approximation formulas for the factorial or gamma function can be found in \[[@CR16], [@CR18]--[@CR27]\] and the references cited therein. Several nice inequalities between gamma function and the truncations of its asymptotic series can be found in \[[@CR28], [@CR29]\].

Now let us focus on the Windschitl approximation formula (see \[[@CR12], Eq. (42)\], \[[@CR13]\]) defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$W_{1} ( x ) $\end{document}$ are excellent approximations for the gamma function.

In 2009, Alzer \[[@CR30]\] proved that, for all $\documentclass[12pt]{minimal}
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Motivated by the above comments, the aim of this paper is to provide a more accurate Windschitl type approximation: $$\documentclass[12pt]{minimal}
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Theorem 1 {#FPar1}
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Lemmas {#Sec2}
======

An important research subject in analyzing inequality is to convert an univariate into the monotonicity of functions \[[@CR33]--[@CR35]\]. Since the function $\documentclass[12pt]{minimal}
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                \begin{document}$f_{0} ( x ) $\end{document}$ contains gamma and hyperbolic functions, it is very hard to deal with its monotonicity and convexity by usual approaches. For this purpose, we need the following lemmas, which provide a new way to prove our result.

Lemma 1 {#FPar2}
-------
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Proof {#FPar3}
-----
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Lemma 2 {#FPar4}
-------
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-----

It was proved in \[[@CR29], Theorem 1\] that, for integer $\documentclass[12pt]{minimal}
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The following lemma offers a simple criterion to determine the sign of a class of special polynomial on given interval contained in $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar6}
-------

(\[[@CR37], Lemma 7\])
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Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec3}
============================================

With the aid of the lemmas in Sect. [2](#Sec2){ref-type="sec"}, we can prove Theorem [1](#FPar1){ref-type="sec"}.

Proof of Theorem [1](#FPar1){ref-type="sec"} {#FPar7}
--------------------------------------------
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As a direct consequence of Theorem [1](#FPar1){ref-type="sec"}, we immediately get the following.

Corollary 1 {#FPar8}
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Remark 1 {#FPar10}
--------
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Numerical comparisons {#Sec4}
=====================
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